Following Brooks's calculation of theÂ-genus of complete intersections, a new and more computable formula about theÂ-genus and α-invariant will be described as polynomials of multidegree and dimension. We define a virtual Hirzebruch genus for a virtual submanifold of a manifold M , and construct a relation between the virtual Hirzebruch genus and the Hirzebruch genus of a submanifold of M . Applying this relation to complete intersections, an iterated formula ofÂ-genus and the necessary and sufficient conditions for the vanishing ofÂ-genus of complex even dimensional spin complete intersections are listed. Finally, we calculate some classical Hirzebruch genera of complete intersections as examples.
Introduction
A genus of a multiplicative sequence is a ring homomorphism, from the ring of smooth compact manifolds (up to suitable cobordism) to another ring. A multiplicative sequence is completely determined by its characteristic power series Q(x). Moreover, every power series Q(x) determines a multiplicative sequence. Given a power series Q(x), there is an associated Hirzebruch genus, which is also denoted as a ϕ Q -genus. For more details, please see Section 2. The focus of this paper is mainly on the description of the Hirzebruch genus of complete intersections with multidegree and dimension.
A complex n-dimensional complete intersection X n (d 1 , . . . , d r ) ⊂ CP n+r is a smooth complex n-dimensional manifold given by a transversal intersection of r nonsingular hypersurfaces in complex projective space. The unordered r-tuple d := (d 1 , . . . , d r ) is called the multidegree, which denotes the degrees of the r nonsingular hypersurfaces, and the product d := d 1 d 2 · · · d r is called the total degree. It is well-known that the diffeomorphism type of the real 2n-dimensional manifold X n (d 1 , . . . , d r ) depends only on the multidegree and dimension. For the abbreviation of notation, set X n (d) := X n (d 1 , . . . , d r ). By the Lefschetz hyperplane section theorem, the inclusion X n (d) ⊂ CP n+r is n-connected. Let x ∈ H 2 (X n (d); Z) be the pullback of the first Chern class of the Hopf line bundle H (the dual bundle of canonical line bundle) over CP n+r , the total Chern class and total Pontrjagin class of X n (d) ( [15] ) are given by
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In particular,
(1.1)
In addition, one can also show that the evaluation Xn(d) x n of x n on the fundamental class of X n (d) is the total degree d = d 1 · · · d r . Related to the diffeomorphism classification of complete intersections, there is the following conjecture, often called the Sullivan conjecture after Dennis Sullivan (http://www.map.mpim-bonn.mpg.de/Complete_intersections).
Sullivan conjecture. When n = 2, two different complete intersections X n (d) and X n (d ′ ) are diffeomorphic if and only if they have the same total degree, Pontrjagin classes and Euler characteristics.
The partial known results on the Sullivan conjecture for complete intersections can be found in [6, 7, 12, 19] .
Brooks [3] calculated theÂ-genus of complex hyersufaces X 2n (d 1 ) and complete intersections X 2n (d) with d = (d 1 , . . . , d r ):
A(X 2n (d 1 )) = 2 (2n + 1)! n j=−n
2)
A(X 2n (d)) = 1 2π
where Γ (0) denotes a small circle around 0, and 1 2π √ −1 Γ (0) f (z)dz means the residue of f (z) at z = 0. Note that theÂ-genus of complex odd dimensional complete intersection is zero. (1.2) can also be found in [14, page 298] . Evidently, (1.2) is better relative to (1.3). One starting point for writing this paper is to give an explicit description of A(X 2n (d)), which might be simpler and more computable than (1.3). After all, (1.3) looks more cumbersome. The first main theorem in this paper is as follows:
Combine the above theorem, we can give the α-invariant of complete intersections X n (d 1 , . . . , d r ) with c 1 = n + r + 1 − r i=1 d i even.
Then for a complete intersection X n (d) with c 1 = n + r + 1 − r i=1 d i even, the α-invariant α(X n (d)) is equal to (1)Â(X n (d)), if n = 0 (mod 4);
(2)
Note that for n > 1, the complete intersection X n (d) is spin if and only if c 1 is even. The complex one dimensional complete intersection X 1 (d) is a closed orientable surface with the second Stiefel-Whitney class ω 2 = 0, and hence is spin.
In [9] , Hirzebruch defined the virtual index and virtual generalized Todd genus for a virtual submanifold (v 1 , . . . , v r ) of a compact oriented manifold M, where v 1 , . . . , v r ∈ H 2 (M; Z). In this paper, for a given power series Q(x), the associated virtual Hirzebruch genus is similarly defined, and it is consistent with the Hirzebruch genus of a submanifold V with codimension 2r of M.
As an application of Theorem 1.3, let the power series Q(x) = x/R(x), we give a more general description of the Hirzebruch genus of complete intersections: Theorem 1.4. The Hirzebruch genus ϕ Q on the complete intersection X n (d) with d = (d 1 , . . . , d r ) satisfies that:
When this paper is near completion, we notice Baraglia's paper [2] . Baraglia also give the similar description of theÂ-genus and alpha invariant of complete intersections by the different methods. Ours results in Theorem 1.1 and 1.2 are equivalent to the results in [2] . This paper is organized as follows. In Section 2, we introduce some necessary concepts and properties on Hirzebruch genus. In Section 3, we prove Theorem 1.1 and Theorem 1.2. In Section 4, the virtual Hirzebruch genus is defined, and Theorem 1.3 is proved. As an application of virtual genus, we get an iterated formula for theÂ-genus of complete intersections, and determine when theÂ-genus of complex even dimensional spin complete intersections vanishes. In Section 5, Theorem 1.4 is proved by using the virtual Hirzebruch genus of complete intersections, and we also calculate some classical Hirzebruch genera for complete intersections as examples.
Hirzebruch genus
For references about the Hirzebruch genus, [4, Appendix E], [9] and [10, §1.6-1.8] are recommended. Unless otherwise stated, all the manifolds mentioned in this paper are smooth, oriented, closed, and connected. A general real n-dimensional manifold is denoted by M n . We omit the real dimension n when there is no danger of ambiguity. If M admits an almost complex structure, it must be even dimensional. For an almost complex manifold M 2n , let T M be the complex tangent n-vector bundle, and (T M) R be the underlying real tangent 2n-vector bundle of M. For a differentiable manifold M n , T M is the tangent n-vector bundle of M.
Every homomorphism ϕ : Ω U → Λ from the complex bordism ring to a commutative ring Λ with unit can be regarded as a multiplicative characteristic of manifolds which is an invariant of bordism classes. Such a homomorphism is called a (complex) Λ-genus. The term multiplicative genus is also used, to emphasize that such a genus is a ring homomorphism.
Assume that Λ does not have additive torsion, then every Λ-genus is fully determined by the corresponding homomorphism Ω U ⊗ Q → Λ ⊗ Q, which is also denoted by ϕ. Every homomorphism ϕ : Ω U ⊗ Q → Λ ⊗ Q can be interpreted as a sequence of homogeneous polynomials {K i (c 1 , . . . , c i ), i 0}, deg K i = 2i, with certain imposed conditions. The conditions may be described as follows: an identity
A sequence of homogeneous polynomials K = {K i (c 1 , . . . , c i ), i 0} with K 0 = 1 is called multiplicative Hirzebruch sequence if K satisfies the (2.1). Write the following abbreviated notation:
. Moreover, a multiplicative sequence K is one-to-one correspondence with a power series
] means the ring of power series in x over the ring Λ ⊗ Q, x = c 1 , and q i = K i (1, 0, . . . , 0) (see [4, Appendix E] or [9, §1]), i.e. Q(x) = 1 + K 1 (x, 0, . . . , 0) + K 2 (x, 0, . . . , 0) + · · · . By (2.1), an equality
implies the equality Q(x 1 ) · · · Q(x n ) = 1 + K 1 (c 1 ) + · · · + K n (c 1 , . . . , c n ) + K n+1 (c 1 , . . . , c n , 0) + · · · = K(c 1 , . . . , c n ).
It follows that the n-th term K n (c 1 , . . . , c n ) in the multiplicative Hirzebruch sequence K = {K i (c 1 , . . . , c i )} corresponding to a genus ϕ : Ω U ⊗Q → Λ⊗Q is the degree 2n part of the series
. Follow the statement in [4, Appendix E], the series n i=1 Q(x i ) can be regarded as a universal characteristic class of a complex n-vector bundles. For example, for a complex n-vector bundle ξ with the total Chern class c(ξ) = 1 + c 1 + · · · + c n = (1 + x 1 ) · · · (1 + x n ), where x 1 , . . . , x n are the formal roots of c(ξ), we can define the ϕ Q -class of ξ by 
A parallel theory of genera exists for oriented manifolds. These genera are homomorphisms Ω SO → Λ from the oriented bordism ring to Λ. Once again we assume that the ring Λ does not have additive torsion. Then every oriented Λ-genus ϕ is determined by the corresponding homomorphism Ω SO ⊗ Q → Λ ⊗ Q, which we also denote by ϕ. Such genera are in one-to-one correspondence with even power series
Similarly as the complex case above, for a real n-vector bundle ξ with the total Pontrjagin class p(ξ)
), we can define the ϕ Q -class of ξ by
For a compact, oriented, differentiable manifold M of dimension n, the Hirzebruch genus ϕ Q corresponding to an even power series Q(x) is defined by
where the x 2 1 , . . . ,
are the formal roots of the total Pontrjagin class of T M, i.e.,
).
An oriented genus ϕ : Ω SO → Λ defines a complex genus given by the composition Ω U → Ω SO ϕ −→ Λ with the homomorphism Ω U → Ω SO forgetting the stably complex structure. Since Ω U → Ω SO is onto modulo torsion, and Λ is assumed to be torsion-free, one loses no information by passing from an oriented genus to a complex one. On the other hand, a complex genus ϕ : Ω U → Λ factors through an oriented genus Ω SO → Λ whenever its corresponding power series Q(x) is even.
TheÂ-genus and α-invariant of complete intersections
For a compact oriented differentiable manifold M 4k , Hirzebruch ([9, Page 197]) defined theÂ-sequence of M 4k as a certain polynomial in the Pontrjagin classes of M 4k . More concretely, the power series
defines a multiplicative sequence Â j (p 1 , . . . , p j ) . For example, the first four terms of the sequence are as follows (for abbreviation, p j := p j (M) = p j (T M)):
TheÂ-genus is the ϕ Q -genus with the power series Q(x) as above, and
It is a result of Lichnerowicz that theÂ-genus must vanish for a compact spin manifold which admits a Riemannian metric with positive scalar curvature (see [16] ). In (M) if n = 4 (mod 8). Furthermore, Stolz showed that a spin manifold M of dimension n 5 admits a positive scalar curvature metric if and only if α(M) vanishes (see [17] ), which proved the Gromov-Lawson conjecture. By virtue of the α-invariants of complex 4k + 1-dimensional complete intersection X 4k+1 (d) (k 1) and Seiberg-Witten theory in complex dimension 2, Fang and Shao in [5] gave a classification list of complete intersections admitting Riemannian metrics with positive scalar curvature.
TheÂ-genus is a special case of elliptic genera. There are many results concerning theÂ-genus which are related with group actions (see [11] ). From the Atiyah-Singer index theorem, theÂ(M) can be interpreted as the index of the Dirac operator acting on spin-bundles over M. A profound development of the classical result by Atiyah-Hirzebruch (see [1] ): If M is connected spin and admits a nontrivial smooth S 1 -action, then theÂ-genusÂ(M) vanishes.
Proof. Let Γ (0) denote a small circle around 0. By (1.3)
Thus, by the residue theorem, theÂ-genus of
Thus Theorem 3.1 is done.
We can give another proof of T k (c 1 , . . . , c k ).
Note that Todd class is also the ϕ Q -genus with power series Q(
Thus, as an example, the Todd class of T (X n (d)) is
In particular, theÂ-class of (T (X n (d))) R iŝ
where d = d 1 · · · d r is the total degree of X n (d). The identity
where c 1 (M) is the first Chern class of M.
2nd Proof of Theorem 3.1. Firstly,
A((T (X 2n (d))) R ) = exp − 1 2 c 1 (X 2n (d)) td(T (X 2n (d))).
By (3.1), we havê
Since what we are interested in is some coefficient in a polynomial, we use residue theorem to calculate this integral. Notice that X 2n (d) x 2n = d is the total degree of the complete intersection X 2n (d), then we havê
Again, Theorem 3.1 follows.
By the Bott periodicity theorem:
n (mod 8) 0 1 2 3 4 5 6 7 KO −n (pt) Z Z/2 Z/2 0 Z 0 0 0 α(X n (d)) ∈ KO −2n (pt), and α(X n (d)) vanishes if n = 3 (mod 4). Combine Theorem 3.1 and the results in [5] , we can obtain the α-invariant of complete intersections with c 1 = n + r + 1 − r i=1 d i even. Theorem 3.2. Let d = (d 1 , . . . , d r ). Then for a complete intersection X n (d) with c 1 = n + r + 1 − r i=1 d i even, the α-invariant α(X n (d)) is equal to (1)Â(X n (d)), if n = 0 (mod 4), and is equal to 1 2Â (X n (d)), if n = 2 (mod 4);
Proof. (1) follows directly from [8, Propostion 4.2] , and (3) is trivial.
For (2), when n = 1 (mod 4), by [5, (8) ], the α-invariant of X n (d) is as follows: 
Thus,
In fact, the key (3.4) we used in the above proof is deduced from the following formula ([5, (5)]) α(X n (d 1 , . . . , d r−1 , d r )) = X n+1 (d 1 ,...,d r−1 )Â ((T (X n+1 (d 1 , . . . , d r−1 ))) R ) · exp d r 2
x (mod 2).
Along this line, we can directly get the result in Theorem 3.2 (2) .
2nd Proof of Theorem 3.2 (2) .
By residue theorem,
Remark 3.3. Note that, repeat the proof of the 2nd Proof of Theorem 3.2 (2), we have α(X n (d 1 , . . . , d r )) = α(X n (d 1 , . . . , d r , 1)) 
The form above is different, but equivalent to Theorem 3.2 (2). Meanwhile, when dimension n 5, n = 1 (mod 4), Baraglia pointed out that the α-invariant of complex n-dimensional complete intersection depends only on the dimension, total degree and Pontrjagin classes ([2, Theorem 1.1]).
Note that, for a complete intersection X n (d), the i-th Pontrjagin class p i must be an integral multiple of x 2i , where x ∈ H 2 (X n (d); Z) ∼ = Z is a generator if n 3. This multiple is independent of the choice of the generator x since p i ∈ H 4i (X n (d); Z), so we can compare the Pontrjagin classes of complete intersections with the same dimension and different multidegrees. The total Pontrjagin class is p(X n (d 1 , d 2 , . . . , d r 
so for different multidegrees d = (d 1 , d 2 , . . . , d r ) and d ′ = (d ′ 1 , d ′ 2 , . . . , d ′ k ), if X n (d) and X n (d ′ ) have the same total degree and Pontrjagin classes, then so do X n+1 (d) and X n+1 (d ′ ). By (3.2), theÂ-class depends only on the Pontrjagin classes and dimension. So from (3.5), the α-invariant of complete intersection is determined by the dimension, total degree and Pontrjagin classes. Hence we can also get the result which Baraglia pointed out in [2, Theorem 1.1].
The virtual Hirzebruch genus of complete intersections
Inspired by the virtual index and virtual generalized Todd genus in [9, §9, §11], we define the virtual Hirzebruch genus. First of all, let's introduce the concept of virtual submanifold. The following part about the virtual submanifold is in [10, §3.1] According to Thom [18] , every 2-dimensional integral cohomology class v ∈ H 2 (M n ; Z) of a compact oriented differentiable manifold M n can be represented by a submanifold V n−2 , i.e., the cohomology class v is the Poincaré duality of the fundamental class of the oriented submanifold V n−2 . Therefore v ∈ H 2 (M; Z) is called a virtual submanifold. Assume that v 1 , v 2 , . . . , v r ∈ H 2 (M; Z), and v 1 is a virtual submanifold represented by a submanifold V n−2 of the manifold M, that the restriction of v 2 to V n−2 represents a submanifold V n−4 of V n−2 , . . . , and finally that the restriction of v r to V n−2(r−1) represents a submanifold V n−2r of V n−2(r−1) . The manifold V n−2r is then a submanifold of M of codimension 2r, which represents the virtual submanifold (v 1 , . . . , v r ). An alternative construction is the following: If v 1 , . . . , v r can be represented by codimension 2 submanifolds V ′ 1 , . . . , V ′ r of M, which are transversal to one another, then their transversal intersection represents the virtual submanifold (v 1 , . . . , v r ). For the integral cohomology classes v 1 , v 2 , . . . , v r of H 2 (M; Z), the virtual Hirzebruch genus ϕ Q of the virtual submanifold (v 1 , v 2 , . . . , v r ) is defined as follows:
where ϕ Q (T M) is the ϕ Q -class defined as in section 2.
In fact, the virtual Hirzebruch genus of the virtual submanifold (v 1 , v 2 , . . . , v r ) is related to the Hirzebruch genus of the submanifold V n−2r of M n . Following the argument in [9, §9, §11], we have Proof. We only give the proof when M is a compact oriented differentiable n-manifold. This proof is adapted to the case of almost complex manifold (see [9, §11] ).
Let v ∈ H 2 (M n ; Z) be a virtual manifold represented by a submanifold V n−2 , and j : V n−2 → M n be the embedding of the oriented submanifold V n−2 of M n . Let T V n−2 and T M n be tangle bundles of V n−2 , M n respectively and N is the normal bundle of V n−2 in M n , then j * (T M n ) = T V n−2 ⊕ N . Let p(V n−2 ) and p(M n ) be the total Pontrjagin classes of V n−2 and M n respectively. Then j * p(M n ) = p(V n−2 )p(N ) modulo torsion. Since p(N ) = j * (1 + v 2 ), then p(V n−2 ) = j * ((1 + v 2 ) −1 p(M n )).
Note that (1+v 2 ) −1 is unique in the cohomology class of M n . Thus, for every Hirzebruch genus ϕ Q associated to an even power series Q(x), we have
For a cohomology class u ∈ H n−2 (M n ; Z), by Poincaré duality, we have
Therefore,
By finite induction, it implies that ϕ Q (v 1 , . . . , v r ) M = ϕ Q (V n−2r ). Now we consider the complete intersection X n (d 1 , . . . , d r ) embedded in CP n+r . Let x ∈ H 2 (CP n+r ; Z) be the first Chern class of the Hopf line bundle H over CP n+r , then the virtual submanifold (d 1 x, . . . , d r x) is represented by the complete intersection X n (d 1 , . . . , d r ). So by Theorem 4.2, we have Corollary 4.3. The ϕ Q -genus of X n (d 1 , . . . , d r ) is the virtual ϕ Q -genus of the virtual submanifold (d 1 x, . . . , d r x), i.e., d 1 , . . . , d r ) ).
As a special case of Definition 4.1, we can also define the virtualÂ-genus. (M; Z) , the virtualÂ-genus of (v 1 , . . . , v r ) is defined as follows:
Proposition 4.5. Let M be a compact oriented differentiable manifold. For any v 1 , . . . , v r , w ∈ H 2 (M; Z), the virtualÂ-genus satisfies the following equality:
Proof. TheÂ-genus is corresponding to the power series Q(x) = x R(x) = By Definition 4.4, for any w ∈ H 2 (M; Z), it induces the following equalitŷ
By Corollary 4.3 and Proposition 4.5, we have
Corollary 4.6. For any positive integers d 1 , . . . , d r , e, we have the following equality on theÂ-genus of complete intersectionŝ A(X 2n (d 1 , . . . , d r−2 , d r−1 + e, d r + e)) =Â(X 2n (d 1 , . . . , d r−1 , d r )) +Â(X 2n (d 1 , . . . , d r−2 , d r−1 + d r + e, e)).
Proposition 4.7. For any positive integers d 1 , . . . , d r , assume that d r−1 d r 2, then we havê
(4.1)
Note that, if d r = 1,Â(X 2n (d 1 , . . . , d r−1 , 1)) =Â(X 2n (d 1 , . . . , d r−1 )).
Proof. Applying Corollary 4.6, then
A(X 2n (d 1 , . . . , d r−2 , d r−1 , d r )) =Â(X 2n (d 1 , . . . , d r−2 , d r−1 − 1, d r − 1)) +Â(X 2n (d 1 , . . . , d r−2 , d r−1 + d r − 1, 1)) =Â(X 2n (d 1 , . . . , d r−2 , d r−1 − 1, d r − 1)) +Â(X 2n (d 1 , . . . , d r−2 , d r−1 + d r − 1)).
Let's iterate the above process, the proof is finished.
Consider every complex even dimensional spin complete intersection X 2n (d) with multidegree d = (d 1 , . . . , d r ). Note that X 2n (d) is spin if and only if c 1 = 2n + r + 1 − r i=1 d i = 0 (mod 2). In [3, Theorem 2], Brooks can determine whenÂ(X 2n (d)) = 0 for the spin complete intersections X 2n (d). Now, we give a new proof for the necessary and sufficient conditions related to the vanishing ofÂ(X 2n (d)).
Theorem 4.8. For each complex even dimensional spin complete intersection X 2n (d) with d = (d 1 , . . . , d r ), theÂ-genus of X 2n (d) has the following properties:
(1)Â(X 2n (d)) = 0, if c 1 > 0;
(2)Â(X 2n (d)) > 0, if c 1 0, where c 1 = 2n + r + 1 − r i=1 d i , and c 1 · x is the first Chern class c 1 (X 2n (d) ). Proof. Proof by induction on r.
Since the diffeomorphism type of X 2n (d) is independent of the order of the degrees d 1 , . . . , d r−1 , d r , without losing generality, we assume that d r−1 d r .
For r = 1,Â(X 2n (d 1 )) = 2 (2n+1)! n j=−n d 1 2 − j , c 1 = 2n+2−d 1 , and this case is trivial; For r > 1, if c 1 > 0, then
Thus, by induction hypothesis,
i.e. the right side of (4.1) is zero, thenÂ(X 2n (d 1 , . . . , d r )) = 0;
Conversely, if c 1 0, then
and all other summation terms in (4.1) are nonnegative, soÂ(X 2n (d 1 , . . . , d r )) > 0.
Calculation of classical Hirzebruch genera of complete intersections
In this section, for the power series Q(x) = x/R(x), we discuss the associated Hirzebruch genus ϕ Q of complete intersections. Then for certain given power series Q(x), we calculate the associated classical Hirzebruch genera of complete intersections as examples.
Theorem 5.1. The Hirzebruch genus ϕ Q on the complete intersection X n (d 1 , . . . , d r ) satisfies that:
Proof. Let x ∈ H 2 (CP n+r ; Z) be the first Chern class of the Hopf line bundle H over CP n+r . By Corollary 4.3 and Definition 4.1,
The total Chern class of CP n+r is c(CP n+r ) = (1 + x) n+r+1 , so ϕ Q (T (CP n+r )) = (Q(x)) n+r+1 .
Thus ϕ Q (X n (d 1 , . . . , d r 
By residue theorem, , where R(y; x) = exp(x(y + 1)) − 1 exp(x(y + 1)) + y .
Hence by Theorem 5.1 we have
exp(d j z(y + 1)) − 1 exp(d j z(y + 1)) + y · exp(z(y + 1)) + y exp(z(y + 1)) − 1 n+r+1 dz. . The T 0 -genus is the Todd genus, which has the following form:
Executing another process, we have the following result:
is a generalized binomial coefficients coventioned as in Theorem 3.1, it is easy to know (−1) k a k = −a + k − 1 k , then we have
i.e. x exp(x(y + 1)) x exp(x(y + 1)) + 1 = x 1 + x , and (5.1) is the Euler characteristic of complete intersection X n (d 1 , . . . , d r ):
Let ω = z 1+z , then z = ω 1−ω . It implies that
where h n (a 1 , . . . , a k ) = 1 i 1 ··· in k a i 1 a i 2 · · · a in is the coefficient of z n in k j=1 1 1−a j z , and h n (a 1 , . . . , a k ) is called a complete homogeneous symmetric polynomial of degree n on indeterminates a 1 , . . . , a k . Then by Theorem 5.1,
A(X 2n (d 1 , . . . , d r )) where c 1 = 2n + r + 1 − r i=1 d i . Example 5.8. In [13] , Krichever proved that the values of the Hirzebruch genera A k , k = 2, 3, . . . , are obstructions to the existence of nontrivial S 1 -actions on a unitary manifold whose first Chern class is divisible by k. For Hirzebruch genera A k in [13, §2] , the associated power series is 
where c 1 = n + r + 1 − r i=1 d i . Note that A 1 (X n (d 1 , . . . , d r )) is the Todd genus T (X n (d 1 , . . . , d r )), and A 2 (X n (d 1 , . . . , d r )) coincides with theÂ-genusÂ(X n (d 1 , . . . , d r )) up to a factor 2 n .
